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Abstract:
We present the calculation of next-to-leading-order electroweak corrections to W-boson pair
production at the LHC, taking off-shell effects of the W bosons and their leptonic decays into
account in the framework of the so-called double-pole approximation. In detail, the lowest-order
cross section and the photonic bremsstrahlung are based on full matrix elements with four-fermion
final states, but the virtual one-loop corrections are approximated by the leading contributions of
a systematic expansion about the resonance poles of the two W bosons. This expansion classifies
the virtual corrections into factorizable and non-factorizable corrections, the calculation of which
is described in detail. Corrections induced by photons in the initial state, i.e. photon–photon and
quark–photon collision channels, are included and based on complete matrix elements as well.
Our numerical results, which are presented for realistic acceptance cuts applied to the W-boson
decay products, qualitatively confirm recent results obtained for on-shell W bosons and reveal
electroweak corrections of the size of tens of percent in the TeV range of transverse momenta and
invariant masses. In general, photon–photon and quark–photon induced contributions amount to
5−10% of the full differential result. Compared to previous predictions based on stable W bosons
electroweak corrections, however, can change by several percent because of realistic cuts on the
W-boson decay products and corrections to the decays.
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1 Introduction
Weak-boson pair production processes at high-energy colliders provide unique means for probing
the electroweak sector of the Standard Model (SM). As they are sensitive to triple weak-gauge-
boson vertices, these processes allow for stringent tests of the non-abelian structure of the elec-
troweak interaction. Any deviations of measured cross sections and kinematic distributions from
the values predicted by the SM may point to “new physics” that manifests itself by an anomalous
form of the gauge interactions. To unambiguously identify such deviations and clearly distinguish
them from unknown perturbative corrections, calculations at high precision are essential. This
task is of particular interest in the light of recent data collected by the ATLAS [1] and CMS [2]
experiments at the CERN Large Hadron Collider (LHC), revealing some tension between the
measured production cross section for W-boson pairs and its current theoretical prediction within
the Standard Model.
In the past decades, tremendous effort went into the calculation of QCD corrections beyond
the leading order (LO) to weak-boson pair production processes at hadron colliders, pp→ V V ,
which is dominated by quark–antiquark-annihilation subprocesses, qq¯ → V V . Here and in the
following, V denotes a W± or a Z boson. The next-to-leading order (NLO) QCD calculations
for on-shell gauge-boson pair production processes have been presented in Ref. [3], followed by
calculations including the leptonic decays of the weak bosons in Ref. [4]. The latter have been
implemented in the Monte Carlo program MCFM [5]. More recently, gauge-boson pair production
processes have also been matched to parton-shower programs at NLO QCD, first without [6],
later including leptonic decays [7]. At the next-to-next-to-leading order (NNLO) in QCD only
partial results for the two-loop [8] and the one-loop squared [9] virtual corrections in the high-
energy limit exist. Soft-gluon resummation effects have first been assessed in Ref. [10] and have
very recently been revisited in the framework of soft-collinear effective theory in Ref. [11]. In
both approaches, threshold logarithms were found to modify inclusive observables only mildly,
while more pronounced effects may emerge when hard selection cuts are applied. Apart from
qq¯-initiated production, gauge-boson pairs can also stem from loop-mediated gluon-scattering
processes, gg → V V . Although formally of higher order in the strong coupling, due to the
large gluon luminosity at high-energy hadron colliders, this class of reactions contributes a non-
negligible number of events to the full V V production rate. Gluon-induced gauge-boson pair
production processes have first been considered in Ref. [12], with refined calculations being pre-
sented in Ref. [13]. The most comprehensive QCD-based prediction for (off-shell) weak-diboson
production at the LHC has been recently presented in Ref. [14] in a study of these reactions as
background to Higgs-boson production. There the qq¯ channels were merged at NLO QCD to a
parton shower and combined with NLO QCD matrix elements for hard jet emission; likewise this
was done for the gluon–gluon channels at LO accuracy.
While QCD effects certainly represent the dominant source of perturbative corrections, a
significant impact is expected also from electroweak (EW) corrections in the energy domain
accessible at the LHC. EW corrections typically increase logarithmically with energy, and may
reach several tens of percent at the LHC in the TeV range [15]. Because of their strong energy
dependence they affect the normalization of cross sections and, most importantly, also kinematic
distributions. Only a precise knowledge of the EW corrections ensures that distortions in shape
due to higher-order perturbative corrections can unambiguously be distinguished from the effects
of physics beyond the SM. In Refs. [16, 17] EW corrections to W-pair production at hadron
colliders have been estimated at NLO and NNLO by logarithmic approximations, respectively,
confirming the global statements about their size made above. However, approximations based
solely on EW high-energy logarithms do not provide sufficient accuracy in general, in particular,
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since those approximations are typically derived in the so-called Sudakov regime (where both
Mandelstam variables sˆ and |tˆ| are much larger thanM2W), which is not necessarily the dominant
kinematical domain in the high-energy limit. For instance, in the case of W-pair production
the bulk of the cross section originates from the Regge limit (where sˆ is large, but not |tˆ|).
An assessment of EW corrections that goes beyond a qualitative level, thus, calls at least for
complete NLO calculations beyond logarithmic approximations.
NLO EW corrections have recently been calculated for the on-shell production of weak-gauge
boson pairs at hadron colliders [18,19]. The NLO EW effects were found to be sizable and affect
shapes of distributions in a non-uniform way, reaching the expected size of tens of percent in the
TeV range. The γγ channel, which is also discussed there, turns out to be quite sizable at TeV
scales, in particular for large rapidity differences of the W bosons. Finally, the quark–photon
channels, which were calculated in Ref. [19], can also reach tens of percent with respect to the
LO prediction at high energies, but this enhancement concentrates on regions of phase space
where QCD corrections dominate over the LO contributions, rendering the total impact of the
quark–photon channels on the full cross section small.1
Clearly, the next step should therefore be aimed towards the calculation of the full EW
corrections for weak-boson pair production with consideration of off-shell effects and decay cor-
relations, i.e. the computation of the NLO EW corrections for the processes pp → 4 fermions.
In experiments, the cleanest signatures for many observables in the pp→W+W− → 4 fermions
analyses are expected from the fully leptonic decays of the weak bosons. To avoid mixing with
the pp → ZZ → ℓ+ℓ−νℓν¯ℓ production process, one may focus on a final state with two charged
leptons of different type, and the associated neutrinos, such as νµµ
+e−ν¯e. Providing results for
pp→ νµµ+e−ν¯e at O(α5) is the central aim of this work.
The calculation of the full O(α) corrections to pp → νµµ+e−ν¯e is a formidable task. Al-
though such a full NLO EW calculation is technically possible with modern computer algebra
techniques, and in fact has been worked out for e+e− annihilation some years ago [21], it seems
desirable to provide approximative results that are almost equivalent to the full EW correc-
tions in phenomenologically relevant applications, but much more compact and thus suitable for
computationally intensive in-depth numerical studies. We therefore employ the so-called double
pole approximation (DPA) – a technique that has been developed [22] and applied [23–26] in
the context of four-fermion production processes at lepton colliders in different variants. In our
calculation for W-pair production at the LHC we follow the strategy [25–27] employed in the
Monte Carlo generator RacoonWW [28]. Generally, in DPA only those contributions of the NLO
EW corrections to e+e− →W+W− → 4 fermions are retained that are enhanced by two resonant
weak-boson propagators and thus by a factor of MW/ΓW compared to all remaining contribu-
tions. With respect to the LO results, naive power counting suggests that the suppression of the
neglected terms in the EW corrections is typically of the order of α/π × ΓW/MW, and thus well
below a phenomenologically significant level. Naturally, this way of argument is true only in an
experimental setup that favors configurations where both weak bosons are near their mass shell.
A detailed comparison of DPA results of RacoonWW [25, 26, 28] with the full NLO EW results of
Ref. [21] has revealed that this DPA in fact reproduces integrated cross sections from slightly
above the W-pair threshold up to a centre-of-mass energy of 500GeV (2TeV) within 0.5% (2%).
Technically, the DPA is based on a systematic expansion of matrix elements about the two W-
boson resonance poles, thereby keeping only the leading terms. According to this prescription,
any diagram without the desired resonance structure is dropped, but the relevant resonance
1The photonic effects of elastic proton scattering have been discussed in Ref. [20]. In this paper, however, we
deal with inelastic scattering only.
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diagrams are decomposed into on-shell production and on-shell decay subprocesses, linked by off-
shell propagators describing the resonances. Spin correlations between the various subprocesses
are maintained in this expansion. Since virtual corrections involve LO kinematics, this strategy
can be adopted in a straightforward manner for the virtual EW corrections to pp→ νµµ+e−ν¯e.
In the DPA, the full set of virtual contributions are grouped into factorizable corrections to only
the production of two on-shell W bosons or their decays, and non-factorizable corrections that
connect production and decay or the two decay subprocesses via soft-photon exchange. Since
only soft particle exchange in the loop is relevant in the non-factorizable contributions, they
can be isolated and calculated in a straightforward way and possess a quite simple structure.
If a DPA is also employed for the real-emission contributions, care has to be exercised, since
photon radiation off the W bosons leads to overlapping resonances that have to be disentangled
when attributing photon emission to production and decay subprocesses. Such a strategy is
followed in Refs. [23, 24], where a DPA is applied to both virtual and real EW corrections.
Instead, in Refs. [25–28] full expressions are used for the real contributions, and only the virtual
corrections are treated in the DPA. In this way, the complications associated with the real-
emission kinematics are circumvented. In our work, we adapt the latter method to four-fermion
production processes at hadron colliders and make use of full matrix-element calculations for
the real corrections. This has the additional advantage that a possible future promotion of the
calculation to a full NLO EW calculation without DPA requires only a change in the virtual
corrections. Globally good agreement between the different variants of performing a DPA was
found for W-pair production at lepton colliders [29].
Actually a complete NLO EW calculation to pp → W+W− → 4 fermions would require the
inclusion of NLO EW corrections to the γγ channel as well. Those corrections were worked out
in Ref. [30] in DPA for a possible future γγ collider and found to be of moderate size. Since the
contribution of the whole γγ channel is small compared to the quark-initiated channels, we can,
however, safely restrict the treatment of the γγ contribution to LO.
The paper is organized as follows: The technical details of our calculation are described in
Section 2. Phenomenological results are presented in Section 3. Our conclusions are given in
Section 4.
2 Technical details of the calculation
2.1 Tree-level contributions and general setup
At the LHC, the production of a four-fermion final state at tree level mainly proceeds via the
annihilation of an antiquark–quark pair,
q¯q → νµµ+e−ν¯e , (2.1)
with q denoting a light quark, q = u,d, c, s, where all q are taken massless. Note that for b¯b
collisions,
b¯b→ νµµ+e−ν¯e , (2.2)
a (massive) top-quark appears as an intermediate state. Owing to the suppression of the bottom-
quark density the contribution of the b¯b channel is already very small at LO, so that we do not
include any effects of initial-state bottom-quarks in the EW corrections.
Because of the non-vanishing photon content of the proton, non-negligible contributions arise
from photon–photon-induced subprocesses of the type
γγ → νµµ+e−ν¯e . (2.3)
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Figure 1: A representative set of diagrams contributing to pp→W+W− → f1f¯2f3f¯4 at tree level:
doubly-resonant contributions of the q¯q channels (first line), doubly-resonant contributions of the
γγ channel (second line), examples for “background diagrams” with only a single W resonance
(third line).
The amplitudes for both types of production mode include diagrams with two on-shell W-boson
propagators, but also singly- and non-resonant “background” graphs, c.f. Figure 1. We fully take
into account all these contributions in our LO calculation. The masses of all external fermions
are disregarded, unless they are needed to regularize infrared (IR) singularities that emerge in
the calculation of electroweak corrections. Neglecting the extremely suppressed quark mixing
of the third generation with the first two generations, the remaining two-dimensional Cabibbo
mixing drops out after summing over intermediate light-quark states owing to the unitarity of
the quark-mixing matrix, so that we may perform the whole calculation with the quark mixing
matrix set to the unit matrix. The partonic cross sections from s and c quarks are, thus, exact
copies of the d- and u-initiated processes, respectively.
According to these considerations, we need to compute the full partonic matrix elements for
the subprocesses
u¯u/d¯d/b¯b/γγ → νµµ+e−ν¯e. (2.4)
The actual calculation of the LO matrix elements proceeds along the same lines as for the
processes e+e− → 4 fermions and γγ → 4 fermions, outlined in Refs. [25] and [30], respectively.
Making use of the Weyl-van-der-Waarden spinor formalism as formulated in Ref. [31], for each
subprocess compact results are obtained that are amenable for implementation in an efficient
Monte Carlo program. For a gauge-invariant description of the W- and Z-boson resonances
appearing in the off-shell matrix elements we employ the complex-mass scheme as introduced
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in Ref. [25] for tree-level processes, i.e. we consistently use complex mass parameters µ2V =
M2V − iMV ΓV for V = W,Z and derive all EW couplings from the complex ratio cW = µW/µZ
in our calculation of the LO and real-emission contributions to the cross section.
2.2 Structure of the next-to-leading order contributions
The computation of the NLO EW corrections to pp→ νµµ+e−ν¯e in the framework of the DPA
requires the calculation of virtual one-loop and real-emission contributions. We implement the
complete virtual EW corrections to the production of a W+W− pair and its decay as well as the
non-factorizable corrections to q¯q → νµµ+e−ν¯e at one loop in the DPA. For the real-emission
subprocesses, q¯q → νµµ+e−ν¯eγ and all crossing-related reactions, we employ full matrix elements
at order O(α5). The cancellation of IR singularities that arise in both, virtual and real-emission
contributions, is performed by means of the dipole subtraction approach of Refs. [32, 34]. The
numerical impact of the photon-induced subprocesses, γγ → νµµ+e−ν¯e, is quite small already at
tree level. As anticipated already in the introduction, we therefore do not include EW corrections
to this class of contributions, which were found to be of moderate size in Ref. [30].
The hadronic cross section for pp→ νµµ+e−ν¯e at NLO in α is of the form
σNLOpp =
∫ 1
0
dx1
∫ 1
0
dx2
{( ∑
q=u,d,c,s
fq¯(x1, µF)fq(x2, µF)
×
[∫
4
dσˆLOq¯q +
∫
4
dσˆvirtq¯q +
∫
5
dσˆrealq¯q +
∫ 1
0
dx
∫
4
dσˆfactq¯q
]
+ (q ↔ q¯)
)
+ fγ(x1, µF)
∑
q=u,d,c,s
(
fq(x2, µF)
[∫
5
dσˆrealγq +
∫ 1
0
dx
∫
4
dσˆfactγq
]
+ (q ↔ q¯)
)
+ fγ(x2, µF)
∑
q=u,d,c,s
(
fq¯(x1, µF)
[∫
5
dσˆrealq¯γ +
∫ 1
0
dx
∫
4
dσˆfactq¯γ
]
+ (q¯ ↔ q)
)
+
(
fb¯(x1, µF)fb(x2, µF)
∫
4
dσˆLOb¯b + (b↔ b¯)
)
+ fγ(x1, µF)fγ(x2, µF)
∫
4
dσˆLOγγ
}
. (2.5)
Here, the fa(xi, µF) are the parton distribution functions (PDFs) describing the (generalized)
probability for finding a parton of type a at a (factorization) scale µF in the proton that carries a
fraction xi of the parent’s momentum, and the subscripts “4” or “5” on the integrals of dσˆ refer
to the number of final-state particles to be integrated over in phase space. The integrals
∫
dx in
front of the factorization contributions dσˆfactab , furthermore, indicate that there is an additional
convolution over a variable x involved that controls the energy loss by collinear particle emission
from an incoming parton.
Each dσˆLOab denotes a lowest-order partonic cross section for the subprocess ab→ νµµ+e−ν¯e,∫
4
dσˆLOab = F (x1x2)
∫
4
dΦ4
∑∣∣∣Mab→ νµµ+e−ν¯eBorn
∣∣∣2 , (2.6)
with the four-particle phase-space factor dΦ4 and the corresponding tree-level matrix element
Mab→νµµ+e−ν¯eBorn . Here and in the following, the symbol
∑
indicates appropriate summation over
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spin and colour degrees of freedom for the outgoing and the corresponding average for the in-
coming particles. The flux factor,
F (x) =
1
2xspp
, (2.7)
is defined via the fraction x of the squared proton–proton centre-of-mass energy spp that is taken
by the two scattering partons.
The real-emission cross sections are defined analogously as∫
5
dσˆrealab = F (x1x2)
∫
5
dΦ5
∑∣∣∣Mab→ νµµ+e−ν¯ecreal
∣∣∣2 (2.8)
and contain the partonic matrix elements for the full tree-level processes q¯q → νµµ+e−ν¯eγ,
γq → νµµ+e−ν¯eq and likewise for q¯γ collisions. The matrix elements of all those 2 → 5 particle
processes are related via crossing, which can be exploited to technically simplify the amplitude
evaluations. Each real-emission cross section can be decomposed into a sum of finite and singular
terms, ∫
5
dσˆrealab =
∫
5
dσˆreal,finab +
∫
5
dσˆreal,singab , (2.9)
where we define the finite parts dσˆreal,finab upon subtracting the auxiliary cross sections dσˆ
real,sing
ab
according to the dipole subtraction technique, as described in detail below. This auxiliary cross
section is constructed in such a way that the one-particle phase space containing the soft and
collinear IR singularity can be integrated out analytically,
∫
5
dσˆreal,singab =
∫ 1
0
dx
∫
4
dσˆreal,convab +
∫
4
dσˆreal,endpab , (2.10)
so that the “endpoint” part dσˆreal,endpab contains all real-emission IR singularities with LO kine-
matics and the parameter x in the “convolution part” dσˆreal,convab plays the same role as in the
factorization contribution dσˆfactab . Adding dσˆ
fact
ab , which results from a redefinition of the PDFs,
to dσˆreal,convab by construction compensates all IR divergences in the convolution part, which
originate from collinear initial-state splittings.
The endpoint part dσˆreal,endpab can be combined with the virtual corrections, so that all IR
singularities cancel in this sum as well. Note that dσˆreal,endpab exists only for the q¯q channel.
Consequently, the finite part of the virtual corrections for the subprocess q¯q → νµµ+e−ν¯e is
defined by ∫
4
dσˆvirt,finq¯q =
∫
4
dσˆvirtq¯q +
∫
4
dσˆreal,endpq¯q . (2.11)
As explained above, we want to include the finite part of the virtual corrections in the DPA.
Technically, this is achieved by computing the entire virtual cross section and the endpoint parts
of the real corrections in the framework of the DPA, thereby taking care that exactly the same
systematic pole expansions is made in either part, in order not to spoil the cancellation of IR
divergences. The DPA splits the full virtual corrections into factorizable and non-factorizable
contributions. The former, by definition, consist of the corrections to either on-shell W produc-
tion or on-shell W decay, the latter contain the remaining doubly-resonant corrections which
are entirely due to soft-photon exchange between production and decays or between the two
different decay processes. In the non-factorizable corrections, the off-shell propagators of the two
W bosons are intertwined in a complicated way, but the whole correction takes the form of a
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correction factor δvirtnfact to the Born cross section. The virtual correction in DPA, thus, can be
written as∫
4
dσˆvirt,DPAq¯q = F (x1x2)
∫
4
dΦ4
{
2Re
[(
Mq¯q→WW→ νµµ+e−ν¯eBorn,DPA
)⋆
δMq¯q→WW→ νµµ+e−ν¯evirt,fact,DPA
]
+
∣∣∣Mq¯q→WW→ νµµ+e−ν¯eBorn,DPA
∣∣∣2 δvirtnfact
}
. (2.12)
Here, δMq¯q→WW→ νµµ+e−ν¯evirt,fact,DPA denotes the matrix element for the factorizable virtual corrections,
and δvirtnfact stems from the non-factorizable virtual contributions in the DPA.
Schematically, the various cross-section contributions to a quark-initiated subprocess q¯q →
νµµ
+e−ν¯e can then be summarized as
∫
dσˆq¯q =
∫
4
dσˆLOq¯q +
∫
4
dσˆvirt,fin,DPAq¯q +
∫
5
dσˆreal,finq¯q +
∫ 1
0
dx
∫
4
(
dσˆfactq¯q + dσˆ
real,conv
q¯q
)
. (2.13)
An analogous expression is obtained for the qq¯ initial states. For the photon-induced processes,
only real-emission and factorization contributions appear,
∫
dσˆqγ =
∫
5
dσˆreal,finqγ +
∫ 1
0
dx
∫
4
(
dσˆfactqγ + dσˆ
real,conv
qγ
)
, (2.14)
and analogously for antiquarks. Here, all IR singularities associated with the 2 → 5 scattering
process are factorized into the PDFs of the proton.
2.3 Virtual corrections
As explained in some detail in Ref. [26], the one-loop corrections to four-fermion production
processes in the framework of the DPA are classified in terms of factorizable and non-factorizable
contributions. Here we provide some details concerning their explicit calculation. Throughout,
in reactions of the type
q¯(q1) q(q2)→ νµ(q3)µ+(q4) e−(q5) ν¯e(q6) (2.15)
we generically denote the quark and lepton momenta by qi with i = 1, . . . , 6. The electric charge
and mass of the fermion with momentum qi are denoted by Qi and mi, respectively.
(i) Factorizable corrections
The factorizable contributions are obtained by selecting all one-loop diagrams that contain two
resonant W-boson propagators and loop corrections either associated with the production of two
on-shell W-bosons or the decay of one of these weak bosons. The relevant generic diagrammatic
structure is shown in Figure 2. The physical polarization degrees of freedom of the W bosons
that connect the production with the decay processes, λ±, have to be summed over coherently.
In order to maintain gauge invariance, apart from the two resonant propagator factors the entire
amplitude is evaluated on shell, i.e. the momenta of the W+ and W− bosons,
k+ = q3 + q4, k− = q5 + q6, (2.16)
are globally replaced with their on-shell projections kˆ+ and kˆ−, which fulfill kˆ
2
+ = kˆ
2
− = M
2
W.
To this end, each phase-space point with general off-shell kinematics has to be identified with a
phase-space point for on-shell W bosons such that |kµ± − kˆµ±|2 is of order O(k2± −M2W) for each
component µ. Different variants of the actual projection are possible and equally viable leading
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Figure 2: Generic diagram for virtual factorizable corrections to q¯q → WW→ 4 fermions.
to results that differ only by effects beyond DPA accuracy. We stick to the version of Ref. [26]
(see App. A in there). Throughout, we denote momenta associated with on-shell kinematics by
hats.
The entire contribution of the factorizable corrections to the virtual amplitude can then be
written in the form
δMq¯q→W+W−→νµµ+e−ν¯evirt,fact,DPA =
∑
λ+,λ−
1[
k2+ −M2W + iMWΓW
] [
k2− −M2W + iMWΓW
]
×
{
δMq¯q→W+W−MW+→νµµ+Born MW
−→e−ν¯e
Born
+Mq¯q→W+W−Born δMW
+→νµµ
+MW−→e−ν¯eBorn
+Mq¯q→W+W−Born MW
+→νµµ
+
Born δMW
−→e−ν¯e
}
, (2.17)
with the summation extending over the helicities λ± of the W
± bosons. All terms within the
curly brackets are understood to be evaluated for on-shell kinematics. The δM denote one-loop
contributions.
The actual calculation of the δMq¯q→W+W−→νµµ+e−ν¯evirt,fact,DPA proceeds along the lines of Ref. [26] for
the related case of four-fermion production in e+e− collisions. The entire amplitude is expressed
in terms of so-called standard matrix elements (SMEs), Mσn, which contain the spin structure
of the external particles for specific helicity combinations, and appropriate coefficient functions,
F σn . The latter only depend on the Mandelstam invariants,
sˆ = (q1 + q2)
2 = (kˆ+ + kˆ−)
2 ,
tˆ = (q1 − kˆ+)2 = (q2 − kˆ−)2 =M2W −
sˆ
2
(1− β cos θ) , (2.18)
where the q1,2 are the momenta of the incoming partons, β =
√
1− 4M2W/sˆ, and θ denotes the
scattering angle of the outgoing W bosons with respect to the beam axis in the partonic centre-
of-mass frame. The SMEs for the on-shell production of a W pair produced via the specific
quark chirality σ = ±1 are contracted with off-shell W propagators and tree-level decay matrix
elements that are also calculated for on-shell kinematics. Explicitly, one finds
δMq¯q→W+W−→νµµ+e−ν¯e,σvirt,fact,DPA (q1, q2, {qi}, k2+, k2−) =
7∑
n=1
F σn (sˆ, tˆ)Mσn(q1, q2, {qˆi}, k2+, k2−) , (2.19)
where {qi} stands for the set of outgoing lepton momenta. Note that the SMEs are just tree-
level expressions; their precise definition is given in Eq. (3.1) of Ref. [26]. All information on
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the loop structure of the reaction is contained in the form factors, F σn (sˆ, tˆ), which besides the
incoming partons’ momenta only depend on the on-shell-projected momenta of the W bosons,
but not on the momenta of their decay products. The actual calculation of the F σn proceeds via
standard methods of one-loop calculations applied to the 2 → 2 particle production and 1 → 2
particle decay subprocesses. Since the one-loop corrections to these subprocesses do not involve
unstable-particle effects, the traditional EW on-shell renormalization with real mass parameters,
as described for instance in Ref. [35], can be applied without modification. In detail, after
generating the respective one-loop amplitudes with the program FeynArts [36], we algebraically
reduce the amplitudes to the standard form (2.19), once using the program FormCalc [37] and
alternatively inhouse Mathematica routines. The respective automatically generated Fortran
output is evaluated with the help of either of the numerical loop libraries LoopTools [37] or
Collier, where the latter is an implementation of one-loop tensor and scalar integrals described
in Refs. [38–40].
Finally, we recall that the coefficient functions F σn (sˆ, tˆ), which depend only on the scattering
energy
√
sˆ and the scattering angle θ, can be very efficiently evaluated via a series expansion in
terms of a Legendre polynomials Pl(cos θ). Details of such an approach can be found in Sect. 3.1.2
of Ref. [26] and Sect. 3.2.2 of the second paper of Ref. [30]. Calculating the corresponding
coefficients before the actual phase-space integration reduces the CPU time for the evaluation of
the loop diagrams during the phase-space integration to a nearly negligible level.
(ii) Non-factorizable corrections
All loop diagrams to q¯q → 4 fermions that cannot be factorized into two leading-order, res-
onant W propagators and some remaining part potentially contribute to the non-factorizable
virtual corrections. Among these manifestly non-factorizable diagrams only those are relevant
that lead to doubly-resonant contributions in the on-shell limit of the two fermion–antifermion
pairs corresponding to the two decaying W bosons. This can only happen in diagrams where a
photon is exchanged between the W-pair production process and one of the W decay processes, or
between the two W decay processes, as shown in Refs. [41–43] by an appropriate power counting
for the two singularities. If a massive particle, such as a Z boson, is exchanged between produc-
tion and decay subdiagrams, at least one of the two decay fermion–antifermion pairs is shifted
out of resonance; only for soft-photon exchange a double resonance can occur, since a soft photon
does not change the particle kinematics of the underlying diagram. Apart from those manifestly
non-factorizable diagrams, also some diagrams appearing already in the factorizable corrections
contain non-factorizable contributions in which the process of setting the W-boson momentum
on its mass shell creates a soft singularity. This happens in diagrams where a photon couples to
an internal W boson and an external fermion or again to an internal W boson. The difference
between the full diagram and its mass-shell-projected version, which is part of the factorizable
corrections, is then part of the non-factorizable corrections. A survey of representative diagrams
contributing to the non-factorizable corrections is shown in Figure 3.
Non-factorizable EW corrections to pair production processes have first been considered in
Ref. [41], where it was shown that the sum of virtual and real non-factorizable corrections vanish
if the virtualities of the two resonances are integrated over, such as in the total cross section.
Later the sum of virtual and real non-factorizable corrections was evaluated analytically and
numerically in Refs. [42, 43], revealing that their contribution to the NLO EW corrections for
W- and Z-boson pair production processes in e+e− annihilation is quite small in differential
cross sections as well. Thus, if the DPA is used for virtual and real corrections, non-factorizable
corrections might be disregarded in a reasonable approximation in many cases. However, since
we have decided to base our evaluation of real corrections on full matrix elements, we have to
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(a) type (mf ′)
γ
W
W
W
q(q2)
q¯(q1) f1(q3)
f¯2(q4)
f3(q5)
f¯4(q6)
(b) type (ff ′)
γ
W
W
(c) type (if)
γ
W
W
(d) type (mm′)
γ
W
W
W
W
(e) type (im)
γ
W
W
W
(f) type (mf)
γ
W
W
W
(g) type (mm)
γ
W
W
W
W
Figure 3: Classification of diagram types contributing to the virtual non-factorizable corrections,
following Ref. [26].
include the virtual non-factorizable corrections for consistency. Otherwise, there would be a
mismatch between the IR singularities of the virtual and real corrections.
As mentioned above, we define the non-factorizable doubly-resonant contributions by sub-
tracting the factorizable doubly-resonant contributions from the complete one-loop corrections
to q¯q → 4 fermions and subsequently taking the limit of on-shell W momenta whenever possible.
This procedure avoids double-counting and ensures gauge invariance of the two contributions fur-
nishing our DPA. The diagrams contributing to this class of virtual corrections contain a photon
propagator in the loop, and involve logarithms of the form ln
(
k2± −M2W + iMWΓW
)
, correspond-
ing to the artificially created soft IR divergences in the factorizable corrections, as mentioned
above. These have to be kept exactly. As a consequence of the fact that non-factorizable cor-
rections entirely are caused by soft photons (of energies <∼ ΓW), it turns out that they take the
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form of a correction factor to the LO cross section, as already anticipated in Eq. (2.12). Making
use of the explicit results of Ref. [26], this factor can be written as
δvirtnfact =
∑
a=3,4
∑
b=5,6
(−1)a+b+1QaQb
× α
π
Re
[
∆virtmm +∆
virt
mm′ −Qq
(
∆virtim +∆
virt
if
)
+∆virtmf +∆
virt
mf ′ +∆
virt
ff′
]
, (2.20)
where Qq is the electric charge of the incoming quark and Qi the one of the fermion
with momentum qi as specified in (2.15). The explicit form of the seven contributions
∆virt... (q1, q2; k+, qa; k−, qb) to the corresponding graph types of Figure 3 can be found in
Eqs. (3.11)–(3.17) of Ref. [26], where the arguments (p+, p−; k+, k2; k−, k3) of the ∆
virt
... func-
tions given there in our conventions read (q1, q2; k+, q4; k−, q5), etc. . In Ref. [26], each of these
∆virt... is expressed in terms of scalar loop integrals with up to five denominator factors, B0, C0,
D0, E0. Infrared singularities related to the photon propagator are regularized by a small photon
mass λ. Whenever possible, the limits k2± → M2W and ΓW → 0 are taken. Some of the neces-
sary integrals are given in App. C of Ref. [26], the remaining ones can be found in Ref. [40] and
Ref. [43].
(iii) Singular virtual corrections and subtraction endpoint
As explained in Section 2.2, the (soft and/or collinear) IR singularities of the virtual EW cor-
rections exactly cancel against their counterpart in the real photonic bremsstrahlung corrections,
which is precisely contained in the “endpoint contribution” dσˆreal,endpq¯q of the dipole subtraction
functions. Exploiting this fact we have defined the singular virtual corrections to the q¯q chan-
nel as dσˆvirt,singq¯q = −dσˆreal,endpq¯q , leading to the definition (2.11) of the finite virtual corrections.
Moreover, we recall that we treat only the finite virtual corrections dσˆvirt,finq¯q in DPA, so that
it is appropriate to describe dσˆreal,endpq¯q here. In the dipole subtraction approach [32, 34] this
contribution is given by
dσˆreal,endpq¯q = −dσˆBornq¯q
α
2π
6∑
i=1
6∑
j=i+1
(−1)i+jQiQj
[
L(sij,m2i ) + L(sij,m2j) + Cij + Cji
]
, (2.21)
where the Qi and mi denote charge and mass of particle i, respectively, and sij = 2qi · qj . The
function L reads
L(s,m2) = ln
(
m2
s
)
ln
(
λ2
s
)
+ ln
(
λ2
s
)
− 1
2
ln2
(
m2
s
)
+
1
2
ln
(
m2
s
)
(2.22)
in mass regularization, i.e. if soft-photonic singularities are regularized by an infinitesimal photon
mass λ and by small fermion masses mi with m
2
i ≪ M2W, sˆ, |tˆ|, sij , . . .. The constants Cij are
given by
Cab = −π
2
3
+ 2 , Cak =
π2
6
− 1 , Cka = −π
2
2
+
3
2
, Ckl = −π
2
3
+
3
2
, (2.23)
for a, b = 1, 2 and k, l = 3, 4, 5, 6. The respective expressions for the endpoint contributions
needed in the DPA version of Eq. (2.11) can be obtained from dσˆreal,endpab by simply replacing the
full Born cross section with the corresponding DPA expression and replacing the scalar products
sij by their counterparts sˆij with on-shell-projected momenta,
dσˆreal,endp,DPAab = −dσˆBorn,DPAab
α
2π
6∑
i=1
6∑
j=i+1
(−1)i+jQiQj
[
L(sˆij ,m2i ) + L(sˆij,m2j ) + Cij + Cji
]
.
(2.24)
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Finally, we note that we have performed the actual evaluation of the virtual and real-endpoint
contributions alternatively in dimensional regularization with light fermion masses and the pho-
ton mass strictly zero, finding perfect agreement on the sum of virtual and real endpoint correc-
tions with the result obtained in mass regularization.
2.4 Real-emission and subtraction contributions
The O(α) real-emission corrections to pp→ νµµ+e−ν¯e comprise contributions from subprocesses
of the type q¯q → νµµ+e−ν¯eγ and crossing-related reactions with a photon in the initial state,
such as γq → νµµ+e−ν¯eq and q¯γ → νµµ+e−ν¯eq¯. For each of these subprocesses, the complete
tree-level matrix elements are taken into account, and the occurring gauge-boson resonances are
again treated in the complex-mass scheme.
For inclusive observables the real-emission contributions exhibit (soft and/or collinear) IR
singularities that eventually are cancelled by respective divergences of the virtual corrections
and factorization contributions. In the framework of a Monte Carlo program this cancellation
is conveniently accomplished by means of a dipole subtraction approach. The basic idea of a
subtraction formalism is to introduce an auxiliary function that matches the singularity structure
of the real-emission contributions. After subtracting this function from the real-emission terms,
the remainder can be integrated safely by standard numerical methods without running into
singular configurations. In turn, the correction term is integrated over the singular regions
analytically and serves to cancel IR singularities of the virtual contributions. In this work,
we employ the dipole subtraction approach for processes with photon radiation off fermions as
described in Ref. [32]. This variant assumes that we treat outgoing fermions and nearly collinear
photons as one quasi-particle upon applying an appropriate photon recombination, analogously
to the application of a jet algorithm in QCD. Experimentally this situation is, e.g., realized in the
concept of “dressed leptons” in the analysis of ATLAS data (see e.g. Ref. [60]). A generalization
of the dipole subtraction approach to non-collinear-safe observables, which is applicable to any
situation without or with only partial photon recombination, is described in Ref. [34]. The
corresponding extension of our calculation with this method is left to a forthcoming publication.
2.4.1 Subprocesses with final-state photons
For subprocesses with an antiquark–quark pair in the initial state the subtraction terms
|Msub,ij(Φ5)|2 = −(−1)i+jQiQje2gij(qi, qj , k)
∣∣∣Mq¯q→νµµ+e−ν¯eBorn (Φ˜4,ij)
∣∣∣2 , (2.25)
are used, where k denotes the momentum of the emitted photon, whereas i and j 6= i (i, j =
1, . . . , 6) label the so-called emitter and spectator fermions, respectively, which determine the
kinematics of a singular configuration. The dipole splitting functions gij = gij,+ + gij,−, which
correspond to the situation of unpolarized fermions, can be obtained from the polarized splitting
functions gij,± given in Ref. [32] in a straightforward way. The arguments of the matrix elements
Msub,ij andMBorn, Φ5 and Φ˜4,ij, indicate that the respective expressions are to be evaluated for
the full 2→ 5 kinematics and for a 4-body configuration that is obtained for a specific emitter–
spectator pair by an appropriate mapping of the full real-emission kinematics, respectively. The
radiator functions gij are constructed in such a way that they capture the soft and collinear
singularities of the full real-emission contributions. Their explicit form is slightly different for
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initial- and final-state emitters and spectators. Following Ref. [32], for final-state emitters and
spectators (i, j = 3, . . . , 6) we are using
gij(qi, qj, k) =
2
siγ(1− yij)
[
2
1− zij(1− yij) − 1− zij
]
, (2.26)
with
yij =
siγ
sij + siγ + sjγ
, zij =
sij
sij + sjγ
, (2.27)
where we again define sij = 2qi · qj and siγ = 2qi · k. For a final-state emitter (i = 3, . . . , 6) and
an initial-state spectator (j = 1, 2) we have
gij(qi, qj , k) =
2
siγxij
[
2
2− xij − zij − 1− zij
]
, (2.28)
with
xij =
sij + sjγ − siγ
sij + sjγ
, zij =
sij
sij + sjγ
. (2.29)
For an initial-state emitter (i = 1, 2) and a final-state spectator (j = 3, . . . , 6) the radiator
functions are of the form
gij(qi, qj , k) =
2
siγxij
[
2
2− xij − zij − 1− xij
]
, (2.30)
with
xij =
sij + siγ − sjγ
sij + siγ
, zij =
sij
sij + siγ
, (2.31)
and for initial-state emitters (i = 1, 2) and spectators (j = 1, 2) the gij are given by
gij(qi, qj , k) =
2
siγxij
[
2
1− xij − 1− xij
]
, (2.32)
with
xij =
sij − siγ − sjγ
sij
, yij =
siγ
sij
. (2.33)
The finite remainder of the real-emission contribution for the q¯q-initiated subprocesses is
obtained by subtracting the sum of all counterterms from the full q¯q → νµµ+e−ν¯eγ cross section,
∫
5
dσˆreal,finq¯q = F (x1x2)
∫
5
dΦ5

∑∣∣∣Mq¯q→νµµ+e−ν¯eγreal
∣∣∣2Θ(Φ5)− 6∑
i,j=1
i6=j
∑
|Msub,ij|2Θ(Φ˜4,ij)

 .
(2.34)
Here, the Θ functions can assume the values 0 and 1. They describe the effect of separation cuts
and a possible photon recombination procedure which ensures that soft or collinear photons are
combined with the closest charged fermion to an object that can be observed in experiment. In
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particular, Θ(Φ5) = 1 if an event passes all selection cuts after an eventual photon recombination.
The Θ(Φ˜4,ij) only depend on an effective four-body kinematics if a photon recombination is
applied as assumed in Ref. [32]; in the case of non-collinear-safe observables (not discussed in
this paper) this four-body kinematics has to be changed to a related five-body kinematics upon
revoking the collinear splitting (see Ref. [34] for details). To allow for an exact cancellation of IR
divergences, in the soft and collinear limits the cut functions must behave as Θ(Φ5)→ Θ(Φ˜4,ij).
The singular part of the real-emission contributions is obtained by integrating the subtraction
terms over the regions of phase space where the photon becomes soft or collinear to a charged
fermion. This can most conveniently be achieved by decomposing the full five-body phase space
into a four-body phase space related to the kinematics of the subtraction functions and the phase
space of the photon, ∫
5
dΦ5 =
∫ 1
0
dx
∫
4
dΦ˜4,ij(x)
∫
1
dΦγ,ij(x) . (2.35)
In order to regularize the singular contributions, in addition to the infinitesimal mass parameter
λ for the photon we need to assign small masses mi to the fermions.
The desired singular part can then be written in the form
∫
5
dσˆreal,singq¯q = −
α
2π
6∑
i,j=1
i6=j
(−1)i+jQiQj
×
∫ 1
0
dx
[∫
4
dΦ˜4,ij(x)Gij(s˜ij , x)F (xx1x2)
∑∣∣∣MBorn(Φ˜4,ij(x))∣∣∣2Θ(Φ˜4,ij(x))
−
∫
4
dΦ˜4,ij(1)Gij(s˜ij, x)F (x1x2)
∑∣∣∣MBorn(Φ˜4,ij(1))∣∣∣2Θ(Φ˜4,ij(1))
]
− α
2π
6∑
i,j=1
i6=j
(−1)i+jQiQjF (x1x2)
∫
4
dΦ4Gij(sij)
∑
|MBorn(Φ4)|2Θ(Φ4) , (2.36)
where the Gij functions stem from the integral of the respective radiator functions over the phase
space of the photon,
Gij(s˜ij , x) = 8π2x
∫
1
dΦγ,ij(x) gij(qi, qj, k) . (2.37)
Momenta that are obtained by mapping the full five-body phase space onto Φ˜4,ij are denoted as
q˜i, q˜j , etc., such that s˜ij = 2q˜i · q˜j. The endpoint contributions are contained in the last line of
Eq. (2.36). The Gij functions are obtained by integrating the Gij over x,
Gij(sij) =
∫ 1
0
dxGij(sij, x) = L(sij,m2i ) +Cij , (2.38)
with the function L and the constants Cij of (2.22) and (2.23), respectively. Here, again we
consistently combined the functions Gij,± and Gij,± of Ref. [32] for polarized fermions into Gij =
Gij,+ + Gij,− and Gij = Gij,+ +Gij,− for unpolarized situations.
In the case of final-state emitter–spectator pairs, Gij is proportional to δ(1−x), and therefore
only the last term of Eq. (2.36) survives. For a final-state emitter i and an initial-state spectator
j, the Gij are actually independent of s˜ij and take the form
Gij(s˜ij, x) = 1
1− x
[
2 ln
(
2− x
1− x
)
− 3
2
]
, i = 3, . . . , 6, j = 1, 2. (2.39)
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For an initial-state emitter i and a final-state spectator j the distributions read
Gij(s˜ij, x) = Pff (x)
[
ln
(
s˜ij
m2ix
)
− 1
]
− 2
1− x ln(2− x) + (1 + x) ln(1− x) + 1− x ,
i = 1, 2, j = 3, . . . , 6, (2.40)
with the fermion-to-fermion splitting function
Pff (x) =
1 + x2
1− x . (2.41)
Obviously, the Gij distributions in this case explicitly depend on the fermion-mass parameter
mi which is used to regularize the collinear singularity related to the splitting of the incoming
fermion.
When both emitter and spectator are initial-state particles, the integrated counterterms take
the form
Gij(sij, x) = Pff (x)
[
ln
(
sij
m2i
)
− 1
]
+ 1− x, i, j = 1, 2 (2.42)
Eventually, the singularities appearing in the Gij are taken care of by a factorization term.
For the subprocess q¯q → νµµ+e−ν¯eγ the term corresponding to a redefinition of the antiquark
distribution function fq¯ is of the form∫ 1
0
dx1
∫ 1
0
dx2 fq¯(x1, µF)fq(x2, µF)
∫ 1
0
dx
∫
4
dσˆfact,q¯q¯q
= − α
2π
Q2q
∫ 1
0
dx1
∫ 1
0
dx2 F (x1x2)
∫ 1
x1
dz
z
fq¯
(
x1
z
, µF
)
fq(x2, µF)
×
{
ln
(
µ2F
m2q
)
[Pff (z)]+ − [Pff (z) (2 ln(1− z) + 1)]+ + CFSff (z)
}
×
∫
4
dΦ4
∑∣∣∣Mq¯q→νµµ+e−ν¯eBorn (x1, x2)
∣∣∣2 , (2.43)
where for clarity the arguments (x1, x2) in the matrix element indicate the momentum fractions
of the incoming partons of the hard scattering process relative to the proton momenta. The
factorization term resulting from the redefinition of the quark PDF follows from obvious substi-
tutions. The explicit form of the coefficient functions CFSff depends on the factorization scheme
used to define the PDFs (see Refs. [33, 45] and references therein), where the currently available
PDF sets with QED corrections, MRSTQED2004 [58] and NNPDF2.3QED [59], are most ap-
propriately used in the DIS scheme for the QED corrections. In the DIS and MS schemes the
coefficient functions read
CMSff (z) = 0 , (2.44)
CDISff (z) =
[
Pff (z)
(
ln
(
1− z
z
)
− 3
4
)
+
9 + 5z
4
]
+
. (2.45)
Here, we are making use of the so-called “plus prescription” [. . .]+ which is defined via its action
within an integral, ∫ 1
0
dz [g(z)]+f(z) =
∫ 1
0
dz g(z) [f(z)− f(1)] . (2.46)
An inspection of the expressions for the integrated counterterms in Eqs. (2.40) and (2.42) and the
factorization contribution, Eq. (2.43), reveals that the dependence on logarithms of the regulator
mass completely drops out in the sum of singular and factorization contributions to the hadronic
cross section.
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q′q
k
Figure 4: Sketch of the splittings γ → f f¯⋆ (left) and f → fγ⋆ (right), both with an initial-state
spectator (a on the l.h.s. and γ on the r.h.s.).
2.4.2 Subprocesses with incoming photons
In subprocesses with an incoming photon, such as γq → νµµ+e−ν¯eq, singularities arise when
the incoming photon splits into a collinear quark–antiquark pair, as illustrated on the l.h.s. of
Figure 4 with f = q. This collinear singularity can be isolated via a “dipole-subtraction inspired”
counterterm [34] constructed from the tree-level matrix elements for the underlying subprocess
q¯q → νµµ+e−ν¯e. In principle, a collinear splitting of the incoming photon into a lepton pair
ℓℓ¯ can occur as well, c.f. l.h.s. of Figure 4 with f = ℓ. However, as soon as we require the
two final-state charged leptons to have non-vanishing transverse momenta, such configurations
lie outside the relevant phase space. We therefore do not consider a collinear γ → ℓℓ¯ splitting
in the following. An additional class of divergences arises when the incoming quark splits into
a collinear photon–quark pair, as sketched on the r.h.s. of Figure 4. Those singularities can be
removed by counterterms constructed from the spin-correlated matrix elements for the underlying
γγ → νµµ+e−ν¯e subprocess [34]. However, we opt for the alternative, simpler procedure of
multiplying the full real-emission matrix element for γq → νµµ+e−ν¯eq with a so-called effective
collinear factor that restores the correct quark-mass dependence of the asymptotic behaviour in
the phase-space region where the incoming and outgoing quarks become collinear.
Let us first turn to the case of the incoming photon splitting into a quark–antiquark pair.
Although in all configurations considered in this work the incoming and the outgoing quark of the
real-emission process are of the same type, we label them differently to emphasize the splitting
sequence. As illustrated in Figure 4 (l.h.s.), we denote the incoming spectator fermion by a,
and the outgoing parton resulting from the splitting of the incoming photon by f , such that the
entire subprocess reads γa→ νµµ+e−ν¯e f . The collinear singularity related to a photon splitting
of the form γ → f f¯⋆ is taken care of by a counterterm constructed from the tree-level matrix
elements for the underlying subprocess f¯ a→ νµµ+e−ν¯e [34],∑
|Msub,γa|2 = N cf Q2f e2 hγf,a(k, qf , qa)
∑∣∣∣Mf¯a→νµµ+e−ν¯eBorn (Φ˜4,γa)
∣∣∣2 , (2.47)
where hγf,a is the the radiator function
hγf,a(k, qf , qa) =
2
xf,γasfγ
Pfγ(xf,γa), (2.48)
with
xf,γa =
saγ − sfγ − saf
saγ
(2.49)
and the photon-to-fermion splitting function
Pfγ(x) = (1− x)2 + x2 . (2.50)
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The colour factor N cf of the fermion f , with N
c
q = 3 and N
c
ℓ = 1, appears on the r.h.s. of
Eq. (2.47) because of the colour average in
∑
. Note that we again simplified the construction of
the counterterm upon specializing the formulas for hγf,a± describing polarized photons [34] to the
unpolarized case, where only hγf,a = hγf,a+ +h
γf,a
− is relevant. The finite part of the real-emission
contribution for a photon-induced subprocess is then of the form∫
5
dσˆreal,finγq = F (x1x2)
∫
5
dΦ5
[∑∣∣∣Mγq→νµµ+e−ν¯eqreal
∣∣∣2Θ(Φ5)−∑ |Msub,γa|2Θ(Φ˜4,γa)
]
. (2.51)
Analogous to the case of subprocesses with an incoming quark–antiquark pair the divergent part
of the real-emission contribution for photon-induced processes is obtained by integrating over
the singular regions of phase space. The respective contribution to the four-body cross section
is given by
∫
5
dσˆreal,singγq = N
c
f
Q2fα
2π
∫ 1
0
dxF (xx1x2)
∫
4
dΦ˜4,γaHγf,a(sγa, x)
×
∑∣∣∣Mf¯a→νµµ+e−ν¯eBorn (Φ˜4,γa)
∣∣∣2Θ(Φ˜4,γa) (2.52)
with
Hγf,a(sγa, x) = Pfγ(x) ln
[
sγa(1− x)2
m2f
]
+ 2x(1 − x). (2.53)
For each quark flavour f = q, the contributions of (2.51) and (2.52) are to be convoluted with
the respective PDFs fγ(x1, µF) and fq(x2, µF). The factorization term that cancels the mass
singularity in this expression is of the form [44]
∫ 1
0
dx1
∫ 1
0
dx2 fγ(x1, µF)fq(x2, µF)
∫ 1
0
dx
∫
4
dσˆfactγq
= −N cq
α
2π
Q2q
∫ 1
0
dx1
∫ 1
0
dx2 F (x1x2)
∫ 1
x1
dz
z
fγ
(
x1
z
, µF
)
fq(x2, µF)
×
{
ln
(
µ2F
m2q
)
Pfγ(z) + C
FS
fγ (z)
}∫
4
dΦ4
∑∣∣∣Mq¯q→νµµ+e−ν¯eBorn (x1, x2)∣∣∣2 , (2.54)
with
CMSfγ (z) = 0 , (2.55)
CDISfγ (z) = Pfγ(z) ln
(
1− z
z
)
− 8z2 + 8z − 1. (2.56)
As mentioned above, singularities of the γq → νµµ+e−ν¯eq amplitudes that are related to
the collinear splitting of the incoming quark into a quark–photon pair are most conveniently
being tackled by an effective collinear factor that multiplies the entire γq → νµµ+e−ν¯eq cross
section of Eq. (2.51), including the counterterms taking care of collinear γ → f f¯⋆ splittings. This
collinear factor has to be constructed in such a way that it restores the correct leading quark-mass
dependence of the γq → νµµ+e−ν¯eq amplitude squared in the limit of forward quark scattering,
but reduces to a factor 1 up to (negligible) mass-suppressed terms outside the collinear region.2
This factor can be read off from Eq. (5.6) of Ref. [34], where the asymptotic factorization formula
2The application of an effective collinear factor to photonic bremsstrahlung corrections is, e.g., described in
Ref. [46].
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for the splitting is given for a non-zero quark mass. The effective collinear factor is just the ratio
of the massive version of this formula to its massless version and explicitly reads
f(mq, x,Eq, θ) =
sin2 θ2[
sin2 θ2 +
m2qx
2
4E2q (1−x)
2
]2
{
sin2
θ
2
+
m2qx
4
4E2q (1− x)2(1 + (1− x)2)
}
, (2.57)
where θ is the angle between the incoming and the outgoing quark of mass mq defined in the
partonic centre-of-mass frame, Eq is the energy of the incoming quark in the same frame, and
x = k0/Eq is the fraction of the incoming quark’s momentum that is carried by the emitted
photon. The mass mq is supposed to be much smaller than Eq and plays the role of a regulator
for the collinear singularity. Multiplying the entire real-emission cross section for a massless
quark q with this factor renders the modified cross section integrable over the collinear q → qγ⋆
configurations, and the integral over the collinear region reproduces the correct mass dependence
up to mass-suppressed terms of order O(mq/Eq).
The dependence of the cross section on the regulator mass mq eventually drops out when
an appropriate factorization term is added. As the collinear singularity related to the q → qγ⋆
splitting can be assigned to the associated quark PDF, the appropriate factorization term for
the γq → νµµ+e−ν¯eq subprocess requires the partonic scattering amplitudes of the underlying
γγ → νµµ+e−ν¯e process [44],
∫ 1
0
dx1
∫ 1
0
dx2 fγ(x1, µF)fq(x2, µF)
∫ 1
0
dx
∫
4
dσˆfactγq
= − α
2π
Q2q
∫ 1
0
dx1
∫ 1
0
dx2 F (x1x2)
∫ 1
x2
dz
z
fγ (x1, µF) fq
(
x2
z
, µF
)
×
{
ln
(
µ2F
m2q
)
Pγf (z)− Pγf (z) (2 ln z + 1) +CFSγf (z)
}
×
∫
4
dΦ4
∑∣∣∣Mγγ→νµµ+e−ν¯eBorn (x1, x2)
∣∣∣2 , (2.58)
with
CMSγf (z) = 0 , (2.59)
CDISγf (z) = −CDISff (z) = −
[
Pff (z)
(
ln
(
1− z
z
)
− 3
4
)
+
9 + 5z
4
]
+
. (2.60)
2.5 Improved Born approximation
The double-pole approximation relies on an expansion of the entire four-fermion production cross
section around the resonance region of the two weak-boson propagators in pp → W+W− →
4 fermions. While this approach provides an excellent description of the production cross section
of two resonant weak bosons, it is not applicable close to and below the resonance region. There-
fore for partonic centre-of-mass energies
√
sˆ < 2MW+5 GeV, instead of the NLO EW corrected
cross section, we employ a so-called improved Born approximation (IBA) that captures a major
part of the full radiative corrections to pp→ νµµ+e−ν¯e without requiring an on-shell projection
procedure.
As worked out in detail in Refs. [47, 48] for the related case of four-fermion production at
lepton colliders, universal radiative corrections stemming from running couplings or Coulomb
singularities can be accounted for by suitable correction factors applied to parts of the Born
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cross section. Generally, the values of the electroweak input parameters used in a calculation
depend on the input-parameter scheme. In the Gµ scheme, which is used in our quark–antiquark
induced LO cross section, the electromagnetic coupling e is computed from the Fermi constant,
Gµ, via tree-level electroweak relations. The weak mixing angle, θW, is determined by the gauge-
boson masses MW and MZ according to
cos θW ≡ cW =
√
1− s2
W
=MW/MZ. (2.61)
In the IBA, the replacements
e2
s2
W
→ 4
√
2GµM
2
W , e
2 → 4πα(sˆ) (2.62)
are made in the tree-level matrix elements, implying that weak-isospin exchange involves the
coupling GµM
2
W, and pure photon exchange the coupling α(Q
2) at a scale Q2 set by the kine-
matics of the reaction. The running of the electromagnetic coupling is determined by the light
charged fermions, so that
α(Q2) =
α(M2Z)
1− α(M2Z)3π ln
(
Q2
M2
Z
)∑
f 6=tN
c
fQ
2
f
, (2.63)
with the colour factor N cf = 1 or 3 if the fermion f is a lepton or quark, respectively. The
measured value of α(M2Z) is then taken as numerical input.
In addition to this prescription for the couplings, we include a universal correction factor δCoul
to account for the contribution of the Coulomb singularity stemming from photon exchange near
the W-pair production threshold. The complete partonic IBA cross section is then of the form
dσˆIBAq¯q = F (x1x2) dΦ4
∑ ∣∣∣Mq¯q→νµµ+e−ν¯eIBA
∣∣∣2 [1 + δCoul(sˆ, k2+, k2−)] g(β¯) . (2.64)
The Coulomb singularity is contained in the factor [43,49]
δCoul(sˆ, k
2
+, k
2
−) =
α(0)
β¯
Im
{
ln
(
β − β¯ +∆M
β + β¯ +∆M
)}
,
β¯ =
√
sˆ2 + k4+ + k
4
− − 2sˆk2+ − 2sˆk2− − 2k2+k2−
sˆ
,
β =
√
1− 4(M
2
W − iMWΓW)
sˆ
, ∆M =
∣∣k2+ − k2−∣∣
sˆ
(2.65)
with the fine-structure constant α(0) and a damping factor
g(β¯) =
(
1− β¯2
)2
, (2.66)
that ensures that δCoul only has an impact in the threshold region.
2.6 Default implementation and independent checks
For our default implementation of the tree-level and real-emission contributions, discussed in
Sections 2.1 and 2.4, inhouse tree-level matrix elements expressed in terms of Weyl-van-der-
Waerden spinor products are used. The loop amplitudes are obtained with inhouse Mathematica
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routines in complete analogy to the formulas used in RacoonWW [28]. The numerical integration is
performed by an adapted version of the multi-channel phase-space generator in the Monte Carlo
program Cofferγγ [53], fully based on Fortran code.
For all parts of the calculation we worked out two independent implementations the results
of which are in very good agreement, both for matrix elements (squared) at individual phase-
space points and for cross sections after phase-space integration. Tree-level matrix elements were
compared to amplitudes generated with the MadGraph 4 package [51,52].
The alternative implementation of the calculation which was used for comparing the virtual
amplitudes of Section 2.3 and phase-space integrated results uses the FormCalc package [37] in
order to calculate analytic expressions for the tree-level and one-loop amplitudes of the 2 → 2
and 1 → 2 processes (including the counterterms). Inhouse Mathematica code was used to
transform these amplitudes into Fortran code which links to the runtime library of the matrix
element generator O’Mega [55] and which assembles them into DPA amplitudes as discussed in
Section 2.1 – 2.3. For phase-space integration, a customized version of the Whizard package [54]
was used which we augmented with an implementation of the dipole subtraction formalism as
discussed in Section 2.4. The tree-level amplitudes required for the real-emission and subtraction
contributions were generated by O’Mega.
3 Phenomenological results
3.1 Description of the setup
For our numerical studies we consider proton–proton collisions at the LHC at centre-of-mass
energies of
√
spp = 14TeV (“LHC14”) and 8 TeV (“LHC8”), respectively. We are using the SM
input parameters
Gµ = 1.1663787 × 10−5GeV−2,
α(0) = 1/137.035999074, α(MZ) = 1/128.93,
MOSW = 80.385GeV, Γ
OS
W = 2.085GeV,
MOSZ = 91.1876GeV, Γ
OS
Z = 2.4952GeV,
MH = 125.9GeV,
mt = 173.07GeV, mb = 4.78GeV,
(3.1)
essentially following Ref. [56]
The DPA prescription of the W resonances, which is used for the virtual NLO EW corrections,
and the complex-mass scheme for the W and Z resonances, which is used for the LO predictions
and for the real corrections, both employ the pole definition of the gauge-boson masses with fixed
decay widths in the corresponding propagators. At LEP and the Tevatron, however, running-
width prescriptions were used to fit the W and Z resonances, i.e. the respective masses correspond
to the “on-shell” (OS) values given above. We, thus, convert these OS values MOSV and Γ
OS
V
(V = W,Z), resulting from LEP and Tevatron, to the “pole values” denoted by MV and ΓV
according to Ref. [57],
MV =M
OS
V /
√
1 + (ΓOSV /M
OS
V )
2, ΓV = Γ
OS
V /
√
1 + (ΓOSV /M
OS
V )
2, (3.2)
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leading to
MW= 80.357 . . . GeV, ΓW= 2.0842 . . . GeV,
MZ= 91.153 . . . GeV, ΓZ= 2.4943 . . . GeV. (3.3)
These mass and width parameters are used in the numerics discussed below, although the differ-
ence between usingMV orM
OS
V would be hardly visible. The weak mixing angle θW is computed
from the masses of the weak gauge bosons via Eq. (2.61) in the (finite) virtual corrections; at
LO and for the finite real corrections its complex version c2
W
= (M2W − iMWΓW)/(M2Z − iMZΓZ)
is used. As mentioned before, we determine electroweak parameters in the Gµ scheme with the
effective coupling
αGµ =
√
2GµM
2
Ws
2
W
π
(3.4)
in the LO matrix elements, with sW as in Eq. (2.61). By this input procedure, all higher-order
contributions associated with the running of the electromagnetic coupling up to the electroweak
scale and the leading universal two-loop top-mass dependent corrections to the ρ-parameter are
absorbed in the LO cross section. In this scheme, no significant dependence of the predictions on
the light-fermion masses results, although we keep the full fermion-mass dependence in internal
closed fermion loops. It is, therefore, sufficient to give the values of the largest fermion masses,
mt and mb, above, while the other fermion masses are numerically irrelevant. Recall that in
this paper we consider only observables for “dressed” charged leptons, so that no lepton-mass
dependence from collinear final-state radiation remains either. Whenever quark or lepton masses
are used as small regulator masses, no numerically relevant impact of their values remains in our
results.
We use two different values for the electromagnetic coupling α in the relative NLO EW
corrections, which are of O(α). Specifically, we set α = αGµ in the finite virtual corrections,
which do not involve any leading contribution from photon radiation, but comprise all leading
EW high-energy logarithms that are potentially large at high scales. In the remaining EW
corrections we take α = α(0), since those are entirely furnished by photonic effects, for which
α(0) is the appropriate effective coupling. We expect that this setting is most stable against
universal higher-order EW corrections connected with coupling renormalization [35].
For the parton distribution functions of the proton, we use the NNPDF2.3QED [59] set which
supports QED effects at NLO, including a distribution function for the photons inside the proton.
Our default choice for the factorization scale is the mass of the W boson,
µF =MW . (3.5)
Since the presented EW corrections show a very weak scale dependence, as illustrated below, we
refrain from introducing specifically adjusted dynamical scale choices as a default.
In order to obtain IR-safe observables for the process pp → νµµ+e−ν¯e +X we employ a re-
combination procedure that combines final-state leptons and nearly collinear photons to pseudo-
particles, in line with the concept of “dressed leptons” used by ATLAS (see e.g. Ref. [60]). In
detail, we first determine the separation Rij of two particles i and j in the rapidity–azimuthal-
angle plane,
Rij =
√
(yi − yj)2 + (∆φij)2 , (3.6)
where yk denotes the rapidity and ∆φij the azimuthal angle between particles i and j. In this
process, we only consider photons with rapidities
|yγ | < 5 . (3.7)
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Photons inside this rapidity region are recombined with the closest charged lepton ℓ whenever
Rγℓ < 0.1 . (3.8)
For such configurations, we form pseudo-leptons by simply adding the momenta of the photon
and the respective lepton. The momenta of the other particles in the event remain unaffected.
(i) Default set of cuts
Unless stated otherwise, for an acceptable event we require the presence of two oppositely charged
leptons with a transverse momentum
pT,ℓ > 20GeV , (3.9)
in the central-rapidity region of the detector,
|yℓ| < 2.5 . (3.10)
In subprocesses with a final-state quark or antiquark, this parton i is considered as a jet if
its transverse momentum pT,i is larger than
pcutT,jet = 25GeV, (3.11)
and its rapditiy lies within the range accessible to the detector,
|yi| < 5 . (3.12)
If the parton does not meet these two requirements, the event is considered as part of the zero-jet
cross section.
In addition, we require that a hard parton i with pT,i > p
cut
T,jet be well-separated from the
charged leptons and discard events with a hard final-state parton, unless
Riℓ > 0.4 . (3.13)
In order to avoid overwhelmingly large QCD corrections with a very asymmetric configuration
of the lepton system, we impose a veto rejecting any event with a hard jet of
pT,jet > 100GeV . (3.14)
We anticipate that this restriction also suppresses the impact of quark–photon initiated subpro-
cesses, which are kinematically related to quark–gluon scattering, to the level of a few percent.
(ii) ATLAS cuts
It is interesting to consider distributions in a more realistic setup, with selection cuts inspired by
a recent analysis of the ATLAS collaboration for pp → W+W− [1]. To this end, in addition to
the lepton cuts and recombination criteria of our default setup we impose transverse-momentum
cuts on the hardest charged lepton and the neutrino system,
pleadingT,ℓ > 25GeV, E
miss
T = |~p missT | > 25GeV, (3.15)
and require the two charged leptons to be well separated from each other,
Reµ > 0.1 , Meµ > 10GeV. (3.16)
Furthermore, we veto all real-emission events with a jet harder than
pT,jet > 25GeV. (3.17)
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σLOq¯q [fb] δq¯q [%] δqγ [%] δγγ [%] δb¯b [%]
LHC14 412.5(1) −2.70(2) 0.566(5) 0.7215(4) 1.685(1)
LHC8 236.83(5) −2.76(1) 0.470(3) 0.8473(3) 0.8943(3)
ATLAS cuts 163.84(4) −2.96(1) −0.264(5) 1.0221(5) 0.9519(4)
Table 1: Cross-section contributions to pp → νµµ+e−ν¯e at the LHC running at 14TeV (first
line) and 8TeV (second line), respectively, with the default settings of Sec. 3.1. The third line
shows the corresponding results for a collider energy of 8TeV with the ATLAS setup defined in
Sec. 3.1. The numbers in brackets represent the numerical error on the last given digit.
3.2 Numerical results
The quark-initiated contributions to the LO cross section for pp→ νµµ+e−ν¯e at the LHC both
with
√
spp = 14TeV and with
√
spp = 8TeV are given in Table 1 for our default setup and for our
ATLAS setup in the latter case. In the following, we employ σLOq¯q as our benchmark cross section
and consider tree-level contributions with b¯b or γγ initial states as well as electroweak NLO
contributions as corrections. The cross section at LO accuracy is dominated by contributions
initiated by light quarks, σLOq¯q . Subprocesses with bottom quarks in the initial state yield an
additional contribution of less than 2% for the three setups under investigation. Only about
1% of the full tree-level cross section stems from the photon-initiated contributions, σLOγγ . This
result rectifies a posteriori the neglect of order O(α) corrections to subprocesses of the type
b¯b→ νµµ+e−ν¯e and γγ → νµµ+e−ν¯e.
The NLO EW cross section of Eq. (2.5) contains virtual EW and photonic real-emission
corrections to q¯q → νµµ+e−ν¯e, and the additional classes of (anti)quark–photon, photon–photon,
and b¯b initiated subprocesses3, σqγ , σγγ , and σb¯b, respectively. Apparently, the sum of all
considered corrections is very small as the small negative EW corrections to the quark-initiated
processes are widely compensated by positive corrections of the separately considered tree-level
contributions. However, the EW corrections significantly distort distributions, as they are not
uniformly distributed in phase space, but tend to increase at scales above the weak-boson mass.
This feature of the EW corrections is clearly illustrated by the transverse momentum dis-
tribution of the electron in Figure 5 (left). The relative corrections of type i normalized to the
q¯q-induced LO result for a specific distribution dσ/dO,
δi(O) =
dσi
dO −
dσLOq¯q
dO
dσLOq¯q
dO
, (3.18)
are displayed in the lower panels of the figure. Obviously, the NLO EW contributions induced by
q¯q initial states become large and negative with increasing pT,e. Even though this effect is slightly
balanced by an increase of dσqγ/dpT,e with pT,e, the full NLO EW corrections considerably
decrease the tail of the transverse-momentum distribution, amounting to more than −10% for
pT,e = 300GeV. For even higher transverse momenta the γγ-induced tree-level processes gain
in relative importance, amounting to as much as 10% when pT,e approaches the TeV regime.
3For notational convenience, in the following we refer to the sum of γq/qγ → νµµ
+e−ν¯eq and γq¯/q¯γ →
νµµ
+e−ν¯eq¯ channels globally as “quark–photon induced processes”, implicitly including the antiquark–photon
contributions.
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Figure 5: Transverse-momentum distribution of the electron in pp → νµµ+e−ν¯e at NLO EW
accuracy (upper panels) for our default setup at the LHC14 with a jet veto of 100GeV (left) and
without a jet veto (right), together with the relative impact of individual contributions in each
case (lower panels).
The b¯b contributions, on the other hand, are relevant only at low pT,e, becoming completely
insignificant above 200GeV.
We note that a much stronger increase of the quark–photon induced contributions at large pT,e
is found in the absence of the jet veto of Eq. (3.14). This feature is illustrated by Figure 5 (right)
that shows dσqγ/dpT,e for the same setup as Figure 5 (left), apart from the jet veto of Eq. (3.14).
Normalization and shape of all contributions that do not contain a QCD parton in the final state,
and therefore cannot give rise to a jet, are identical to the case where a jet veto is imposed. How-
ever, a significant increase in the relative size of the quark–photon contributions can be observed
in the tail of the transverse-momentum distribution, giving rise to a relative contribution δqγ of
about 30% for pT,e = 0.9TeV. This behaviour can be traced back to a mechanism referred to as
“giant K factor” in the literature [61]. Processes that involve weak bosons often exhibit QCD
radiative corrections that dramatically grow at scales far above the boson mass and can approach
several hundreds of percent, for instance, in the tails of transverse-momentum distributions. This
effect is due to topologies that first occur at NLO and involve the emission of gauge bosons that
are quasi-soft at the considered scales, thus giving rise to double-logarithmic corrections that
grow at scales above the gauge-boson mass. Such a behaviour has been observed in related pro-
cesses such as W+jet [50] and Z+jet production [62], and has also been reported in Ref. [18, 19]
for on-shell W-pair production at the LHC. In order to avoid these large contributions, in the
following we therefore always impose the jet veto of Eq. (3.14) and disregard events with a very
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Figure 6: Rapidity distribution of the electron (left) and azimuthal-angle separation of the two
charged leptons (right) in pp→ νµµ+e−ν¯e at NLO EW accuracy (upper panels) for our default
setup at the LHC14, together with the relative impact of individual contributions in each case
(lower panels).
hard jet. The jet veto reduces the contribution of the photon–quark induced channels to the
integrated NLO cross section for our default setup from 1.1% to 0.6%, the value given in Table 1
for LHC14.
In contrast to transverse-momentum distributions, angular distributions of the decay leptons
do not experience considerable distortions at NLO. Radiative corrections mainly change the
normalization of rapidity and azimuthal-angle distributions. In this context we recall that we
consider a setup based on dressed leptons throughout, where large photonic corrections due
to final-state radiation are systematically suppressed. We expect, however, that distributions
based on the directions of the leptons only will not be significantly distorted by collinearly
enhanced final-state radiation either, since those effects do not change the directions of the
leptons significantly. Figure 6 (left) shows the various corrections to the rapidity distribution of
the electron. The impact of the photon-induced contributions on dσ/dye is almost negligible.
The pure quark channels yield NLO corrections of about −3% that are uniformly distributed in
ye. The NLO EW corrections to the azimuthal-angle separation of the electron and the muon,
∆φ = |φe − φµ|, exhibit a similar behaviour, c.f. Figure 6 (right).
The experimental signature of a W+W− event in the fully leptonic decay mode is that
of two oppositely charged leptons and missing transverse energy (EmissT ), which results from
the undetected neutrinos. In order to distinguish W+W− candidate events from a priori large
background contributions due to Drell–Yan, tt¯, and single-top production processes, typically
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Figure 7: Invariant mass of the electron–muon system (left) and transverse-mass distribution of
the four-fermion decay system (right) in pp → νµµ+e−ν¯e at NLO EW accuracy (upper panels)
for our default setup at the LHC14, together with the relative impact of individual contributions
in each case (lower panels).
cuts are applied that depend on the values of the invariant mass of the two charged leptons,
Meµ, and the missing transverse energy. Qualitatively, the invariant lepton-pair mass, shown
in Figure 7 (left), behaves similarly to the transverse-momentum distribution of the electron
discussed above. With the jet veto of Eq. (3.14), the impact of the quark–photon induced
channels on the distribution is marginal. Interestingly, the γγ-induced tree-level contributions
have considerable impact on the tail of dσ/dMeµ, as already observed in Refs. [18, 19] for the
related case of on-shell W-boson pair production. Our results confirm that those large photonic
contributions survive the application of realistic cuts imposed on the W-boson decay products.
With the largest cross-section contribution coming from the q¯q modes, however, the slight rise
of the invariant-mass distribution with increasing values of Meµ due to the subprocesses with
incoming photons is overwhelmed by the large negative corrections caused by the quark-initiated
contributions.
This pattern can also be observed in the transverse-mass distribution of Figure 7 (right).
Since the full invariant mass of the W+W− system cannot be reconstructed experimentally, it
is common to consider the transverse mass, constructed from the transverse momenta of the
final-state charged leptons and the missing transverse momentum of each event,
MT,WW =
√
(EeµT + E
miss
T )
2 − (~p eµT + ~p missT )2 , (3.19)
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Figure 8: Transverse-momentum distribution of the electron–muon system (left) and transverse-
mass distribution of the four-fermion decay system (right) in pp → νµµ+e−ν¯e at NLO EW
accuracy (upper panels) with realistic selection cuts at the LHC8, together with the relative
impact of individual contributions in each case (lower panels).
with
EeµT =
√
(~p eµT )
2 +M2eµ, E
miss
T = |~p missT |. (3.20)
Here, ~p eµT denotes the transverse momentum of the eµ system, and ~p
miss
T the total transverse
momentum of the neutrino system.
We consider this distribution in our more realistic setup “ATLAS cuts” defined in the previous
section. In combination with the jet-identification criterion of Eq. (3.11) the jet veto implies
that quark–photon induced events can only contribute to the zero-jet cross section. This feature
is illustrated by Figure 8 for the transverse momentum of the charged-lepton system and the
transverse mass MT,WW. Contributions from the quark–photon channels have been effectively
eliminated by the jet veto of Eq. (3.17). While in the transverse mass distribution the bulk of
the NLO EW cross section is now dominated by the pure quark channels, with additional non-
negligible corrections due to the photon–photon induced subprocesses, the NLO EW corrections
to the transverse momentum of the charged lepton system show a completely different behaviour.
For this observable the negative EW corrections to the q¯q-induced channels are compensated by
the large impact of the process pp → W+W−γ with real radiation of a hard photon, since a
large photon recoil allows for higher values of the transverse momentum of the W pair which is
effectively transferred to the decay leptons due to the strong boost of the decaying W bosons.
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Figure 9: Rapidity difference (left) and azimuthal-angle separation of the two charged leptons
(right) in pp → νµµ+e−ν¯e at NLO EW accuracy (upper panels) with realistic selection cuts
at the LHC8, together with the relative impact of individual contributions in each case (lower
panels).
It turns out that in the current setup the photon–photon induced contribution dominates our
predictions for the total correction.
Our results on angular distributions are presented in Figure 9. For the charged lepton ra-
pidity difference ∆y = yµ − ye (l.h.s.) as well as for the azimuthal-angle separation (r.h.s.) the
corrections slightly increase for back-to-back configurations of the two charged leptons. While the
photon–photon induced contribution dominates the forward–backward emission of the charged
leptons, the q¯q-induced contribution becomes more important for the back-to-back configuration
in the transverse plane. In both cases the sum over all contributions remains small, leading to
total corrections of less than 5%.
3.3 Scale dependence
Theoretical uncertainties of a perturbative calculation are often estimated by evaluating cross
sections and distributions for different values of the unphysical scales entering the calculation.
Since the reaction pp → νµµ+e−ν¯e is a pure electroweak process at tree level, the associated
LO cross section does not contain any powers of the strong coupling αs, and therefore does not
exhibit any dependence on a renormalization scale associated with the running of αs. Clearly,
this feature is not altered by the NLO EW corrections. However, LO and NLO EW results
do depend on a factorization scale µF via the parton distribution functions of the scattering
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Figure 10: Transverse-mass distribution of the four-fermion decay system in pp → νµµ+e−ν¯e
at NLO EW accuracy for our default setup at the LHC14 with two different choices of the
factorization scale (upper panel), together with their ratio to dσLOq¯q /dMT,WW (lower panel).
protons. Indeed, we find that varying µF = ξMW in the range 0.5 < ξ < 2 changes inclusive
cross sections for our default LHC14 setup by about ±8% both at LO and NLO in α. The choice
of scale does not only affect the normalization, but also the shape of kinematic distributions.
In Figure 10 this effect is illustrated for dσ/dMT,WW, which has been evaluated for our default
choice, µF =MW, and for the factorization scale being identified with the invariant mass of the
WW system, µF = MWW. For this distribution, setting µF = MW results in slightly smaller
values at low MT,WW, but larger values in the tail. Note, however, that the major part of the
observed factorization scale dependence is due to the PDFs and will be partly compensated
once the NLO QCD correction is added (not considered in this paper). The scale dependence
practically disappears in the relative EW corrections, where the PDF effect is mostly cancelled
in the ratio σNLOEW/σLO if numerator and denominator are evaluated with the same PDF set,
as shown in the lower plot of Figure 10.
The small sensitivity of the NLO EW corrections to the choice of the PDFs and to the scale
settings suggests a simple combination with state-of-the-art QCD predictions in terms of the
following factorization ansatz,
dσ = dσQCDqq × (1 + δEWqq ) + dσgg + dσγγ + dσγq. (3.21)
Here dσQCDqq is the state-of-the-art QCD prediction for W-pair production via quark–antiquark
annihilation, and the remaining additive contributions originate from gluon–gluon, photon–
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photon, and quark–photon scattering. This ansatz is particularly motivated by the factorization
of the large electroweak logarithmic correction at high energies, which is observed in the Sudakov
regime [15], but also expected in regions such as the Regge limit of forward scattering. Similar
procedures were also adopted in related processes of weak-gauge-boson [62] and Higgs production
(see e.g. treatment of VBF and VH production processes in [63,64]).
3.4 Comparison to existing work
We have compared the results of our calculation to the ones on on-shell W+W− production at
the LHC presented in Refs. [18, 19]. To this end, we consider W-boson momenta as defined in
(2.16) with a possible γ contribution from photon recombination. Based on these reconstructed
momenta we adopt the setup including default cuts of Ref. [18] and compare to the numerical
results presented therein. Since we do not further restrict our calculation in DPA the relative EW
correction to the leptonic W decay has to be subtracted from our result for a proper comparison.
We calculated them to be −0.66% in total. Taking this effect into account our relative corrections
to the integrated cross sections, δγγ and δq¯q, agree within 0.6% with the results presented in
Table 1 in Ref. [18]. We find even better agreement of 0.2% if we compare totally inclusive cross
sections (Table 2 in Ref. [18]). Comparing transverse momentum and rapidity distributions of
the W boson (Fig. 8 and 10 in Ref. [18]) we again find very good agreement within 1% over the
entire investigated range, while for the invariant mass of the WW system (Fig. 9 in Ref. [18]) we
observe larger deviations of 3%. Generally we expect larger deviations in observables that are
more sensitive to the cuts on the W-boson momenta, because our reconstructed W momenta can
contain contributions from photons resulting from final state radiation, which are not present in
the more idealized calculations based on stable on-shell W bosons. Hard cuts on the invariant
mass of the W pair lead therefore to larger deviations of up to 10% in the ∆y distribution (Fig. 13
in Ref. [18]). However, we confirm the observation of large corrections by γγ induced processes
in this case. The results presented in Ref. [19] can be compared to our relative corrections δγγ ,
δγq, and to the combination δEW − δb¯b. After adopting the setup of Ref. [19] we find very good
agreement within 1% for pT and yWW distributions (left panel of Fig. 15 and upper right panel
of Fig. 16 in Ref. [19]) and again a slightly larger deviation of 3% when we compare the invariant
mass of the W pair (right panel of Fig. 15 in Ref. [19]).
From this comparison we conclude that the effect of realistic cuts on the W-boson decay
products (and corrections to the decay) can change EW corrections to the W-pair production
core process by several percent.
4 Summary and conclusions
In this paper we have presented a calculation of the next-to-leading order electroweak correc-
tions to W-boson pair production at the LHC, taking off-shell effects and spin correlations of
the W bosons and their leptonic decay products into account in the framework of a double-pole
approximation. In detail, our calculation of leading-order and photonic real-emission cross sec-
tions is based on full matrix elements with four-fermion final states, while we have performed a
systematic expansion of the virtual electroweak corrections about the resonance poles of the two
W bosons allowing us to group them into factorizable corrections to only the production of two
on-shell W bosons or their decays, and non-factorizable corrections where a soft photon is ex-
changed between production and decay, or between the two decay subprocesses. Photon–photon
and photon–quark induced subprocesses have been taken into account as well.
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We have performed detailed phenomenological studies for a representative setup at the LHC
that qualitatively confirm earlier results obtained for on-shell gauge-boson pair production [18,
19]. Our calculation, however, goes much beyond these works as it allows to impose realistic
acceptance cuts on the leptons that are observed in experiment. We find that the NLO EW
corrections are dominated by the q¯q-initiated contributions and can reach several tens of percent
in some kinematic regimes. In particular, tails of transverse-momentum and invariant-mass
distributions receive large negative corrections because of electroweak high-energy logarithms
that grow when the scales in a problem become large compared to the mass of the weak gauge
bosons. At very high scales, the relative size of the γγ channel increases, reaching up to 10% of
the q¯q tree-level cross section in the TeV range. Since new physics is most likely to manifest itself
in that kinematic regime, it is important to keep this purely electroweak effect in mind when
interpreting data in the context of searches for physics beyond the Standard Model. At first
sight, photon–quark induced channels impact some high-energy observables at the same level as
the γγ channel, but whenever the photon-quark channels grow large, they get swamped by huge
QCD corrections. Thus, avoiding unwanted QCD corrections by a jet veto that removes events
with a very hard parton in the final state, which is typically related to configurations involving
the emission of a soft W boson, widely suppresses also the impact of photon–quark channels.
The calculation described in this paper generalizes recent evaluations of electroweak correc-
tions to W-pair production at the LHC upon including off-shell effects of the W bosons and
their leptonic decays, allowing for the first time the assessment of electroweak corrections to
this process in the presence of realistic event-selection cuts. A comparison to the existing on-
shell calculations reveals that realistic cuts on W decay products rather than on idealized stable
W bosons typically change the EW corrections by some percent. The future inclusion of the
presented results in data analysis will certainly reduce the uncertainty of predictions due to un-
known higher-order electroweak effects well below the uncertainties inherent in the treatment of
QCD effects.
We plan to further refine and generalize the calculation in various directions, such as the
treatment of “bare” leptons in addition to the currently used prescription of dressing leptons
with collinear photons, the combination of electroweak and QCD corrections, the inclusion of
anomalous triple gauge-boson couplings, and the extension to hadronically decaying W bosons.
Finally, the structure of the off-shell calculation is deliberately chosen in such a way that we can
generalize it from the resonance expansion to the case of fully off-shell W bosons with not too
much effort, since only the virtual correction require modification.
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